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Let k be a positive square free integer, N(-k)l/e the ring of algebraic integers 
in Q(-k)“” and S the unit sphere in C, , complex n-space. If  Al ,.,., A, are n 
linearly independent points of C,, then L = {ulAu + ... + u-A,} with u, f  
N(-k)“* is called a k-lattice. The determinant of L is denoted by d(L). I f  L is a 
covering lattice for S, then O&S, L) = V(S)/d(L) is the covering density. L is 
called locally (absolutely) extreme if e(S, L) is a local (absolute) minimum. In 
this paper we determine unique classes of extreme lattices for k = I and k = 3. 
1. INTRODUCTION 
Let L be a real n-dimensional lattice and S a sphere in R, . L is called a 
covering lattice for S if S, is the union of the sets S + a with a in L. The 
density of the covering, e(S, L) can be defined by: 6(S, L) = J,@(L), 
where J, is the volume of the unit sphere and d(L) is the determinant of L. 
A lattice L, is called extreme (absolutely extreme) is 6(S, L) has a local 
(absolute) minimum at L, . 
If L = (PI ,..., P,} we associate with L the positive definite quadratic 
form f(x) = x'P'Px, where P is the matrix with columns PI ,..., P, . Let 
where L, is the integral lattice, and 
where d(f) = (det P)". 
It is well known that 
&XL) = J#(f)"'2. 
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Thus, the problem of minimizing O(S, L) is equivalent to that of mini- 
mizingpCf).fis called extreme (absolutely extreme) if the lattice associated 
with f is extreme (absolutely extreme). 
Bleicher [5] has shown that n C xi2 - 2 & xixj is extreme for all n. 
For n = 2 and n = 3, Bambah [I] showed that these forms are absolutely 
extreme and Barnes [3] showed that these are the only classes of extreme 
forms. Dickson [6] has shown that for n = 4 there are three classes of 
extreme forms with 4 C xi2 - 2 & Xixj being absolutely extreme. 
In this paper we consider the problem of minimizing O(S, L) as L ranges 
over two-dimensional complex lattices associated with the quadratic fields 
Q(-k)1j2 with k = 1 and 3. 
Let k be a positive square free integer and iV(-k)l/“, the ring of algebraic 
integers in Q(-k)l/“. L is an n-dimensional k-lattice if 
L = hAl+ -a- + u,A,: u5 E N(-k)‘/“>, 
where Ai = (ail ,..., ain) are IZ linearly independent points of complex 
n-space, C, . 
If k s 1 or 2 (mod 4), we can put uj = uj + iwjk1i2. Thejth coordinate 
of an arbitrary point A = u,A, + .*a + u,A, of L is 
n 
1 utati = i (q + iwtklla) afj 
t=1 t=1 
= i (tit Re(ati) - w,k1j2 Im(a&) 
+ & (Ut Im(atj) + wgk1/2 Re(G) i. 
The mapping T: (al ,..., a,) -+ (Re(a,), Im(a,),..., Re(a& Im(a,)) from C,, 
into R,, transforms A into 
MWad, W4...~ W%A W%d) 
+ k1~2~l(-Im(slh Re(all),..., --Wa13, WalnN 
+ . . . . 
+ MWa,d, Wad,. .., Wa,,), Im(a,,)) 
+ k1%d--Im(4, Reh),..., --Im(a,d, Re(a,,)). 
Thus, T(L) is a real 2n-dimensional lattice with basis {X1 , x, ,..., X, , x,}, 
where 
xi = (Re(aA Imbd,..., RdaA Imh)) 
Xj = k1/2(-Im(a,l), Re(a&, . . ., -Im(a,,), Re(a,,)). 
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Suppose now that n = 2. T(L) has a basis X, x, Y, y, where 
x = h-1 > x2 7 x3 3 x3, x = wy-x, ) x1 ) -xg ) x3), 
y = ( Yl 3 Y2 9 Y3 2 Y4)> y = k1’2(-Y2, Yl 9 -Y4 9 Y3). 
Let P be the matrix with columns X, X, Y, J? we have: 
A=A D’p = 
0 kE -ky kx 
x -ky C 0 
k-y kx 0 kC 
whereE=X*X,x=X*Y,y=X*YandC-Y.Y. 
The positive definite quadratic form S corresponding to T(L) is 
f(u) = u’Au or 
ml 3 u27u3, u4) = E(u12 + kuz2) + C(ua2 + ku42) 
+ 2x&43 + kw3 + 2yk(w, - ~24. 
Putting 
u = u1 + u2k1j2i 7 
v = u3 + u4k112i 2 
B = x + iy, 
f&l 7 u2 > u3 9 u4) =f(u, u) = Euil + BuEi + %a + Cvij. 
Similarly, when k = 3(mod 4) and n = 2, a k-lattice has a real basis of 
type X, x Y, y, where if X = (x, , x2 , x3, x4) then 
8 = $(x1 - k112x2, k1/2x, + x2, x8 - k1i2x4, k1i2x, + x4). 
The form associated with such a lattice is 
ml 3 u2 3 u3 2 u4) = Eu12 + mEu22 + Eu,u, + Cus2 + mCu42 + C~g4~ 
+ y042u3 - w4) + xG34,4 + w4 i u2u3 + mu,u,>, 
where E=X.X, C=Y*Y, x=X*Y, y=2x*Y-x and m= 
(k + 1)/4. With the substittution 
u = u1 + u,(l + kW)/2, 
u = u3 + u,(l + k112i)/2, 
we get 
f(ul , ~2, u3, 24,) =f(u, v) = EuiI + BUZJ + Bufi + CuV 
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where 
B = x + iy/k112. 
The problem of minimizing the density of k-lattice coverings of space 
by spheres is equivalent to that of minimizing p(f) as f ranges over the 
positive definite Hermitian forms over the quadratic field Q( -k)l/%. Since 
pcf) is invariant under unimodular transformations and multiplications 
off by positive constants, we will considerf and g equivalent if f = cg of 
f = T(g) where T is a unimodular transformation. 
2. VORONO~ POLYHEDRA AND CONES 
In this section we outline some results due to Voronoi [lo, 111 and 
Barnes and Dckson [4] concerning the polyhedra associated with positive 
definite forms and a reduction theorem for these forms. 
n(f), the polyhedron corresponding to a positive definite form f is 
defined as the set of points x in R, that satisfy f(x) <f(x - m) for all 
nonzero integer points m. In the definition it suffices to consider only the 
integer points m # 0 with the property: 
f(m) = minf(N, 
where the minimum, taken over all integral x = m (mod 2), is attained 
only at *m. 
At most 2” - 1 pairs of integer points fm are needed to define n(f). 
In cases where f attains its minimum at more than two points of a con- 
gruence class mod 2 of integer points, U(f) can be defined by less than 
2~ - 1 pairs of points. Every integer point m needed in the definition of 
17(f) describes the (n - I)-dimensional face f(x) = f(x - m) of n(f). 
n(f) is a symmetric convex polyhedron bounded by pairs of parallel faces 
and n(f) + m, (m E L,) fit together to fill all of space. 
From previous definitions 
without loss of generality we can assume OL en(j). Then 
m(f, 4 =f(a - m3 
where &m, represent a unique mod 2 minimum off. Thus 
where u runs over the vertices of n(j). Vertices of n((f) for which f(v) is a 
maximum are called maximal vertices. 
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A vertex u is on n or more faces of n<f), hence, each vertex is defined by 
integer points m, ,..., m, such that 
or 
U’AV = (u - mi)’ A(v - m,), 1 Gi<n, 
i.e., 
2mi’Av = f (m,), 1 <iin. 
Two vertices v and v’ are congruent if 21 - u’ E L, . If 21 is determined by 
the integer points m, ,..., m, (t 3 n) then 
Vj = V - Wlj, 1 <j<h 
are vertices of n(f) congruent to 0. Since 
f(v - mj) = f (v) - 2mf’Av + f (mj) = f(v), 
we need consider only one vertex from each congruence class of vertices 
in the determination of max f (v). 
Vorono’i also showed that there are a finite number of polyhedral cones 
Al *** A, in the +n(n + l)-dimensional coefficient space of positive definite 
forms such that every form is equivalent to a form in one of A, ,..., A, . If 
n = 4, there are three cones A, A’, A”. A consists of forms: 
C Pixi2 + C Pij(Xi - Xj)25 pi > 02 pjj > 0. 
id 
A’ consists of forms: 
where 
C PiX? + pl2” f 2 Pij(Xi - Xj)"- 
i<i 
(i.j)i(1.2) 
and 
pi 2 0, pij >, 0, 
IL’ = 2 C Xi2 + 2X,X, - 2x,x, - 2x1x, - 2X2X3 - 
fl” consists of forms: 
C Pi-G2 + PIZw + Pdxl + x2 - x3 - x32 
+ plS@l - x3j2 + P&l - X4)2 + P23cx2 
+ P2*@2 - xd2, 
where pi 2 0 and pir > 0. 
- 2x,x, . (1) 
X3)4 
238 2. A. KARIAN 
A complete list of the mod 2 minima offand the vertices of n(f) for the 
cones d, d’ and d” is contained in [ll]. 
With trivial modification of the proofs of Theorems 2 and 3 of [4] we 
can get: 
THEOREM 1, Let P be a convex subset of a face of some Voronoi’cone A. 
Iff is an extreme form in the interior of P, then every extreme form in P is a 
multiple off. 
THEOREM 2. Let P be a face of some Voronoi cone A. Iff is an extreme 
form in the interior of P, then f and P have the same group of automorphisms. 
3. EXTREME FORMS OVER Q(--I)li2 
LEMMA 1. Every positive definite binary Hermitian form over Q( - I)112 
is equivalent to a form 
g = ( y - X)(Ul” + u22) + (x + Y 4 f)(U‘12 + (Ul - d2) 
+ (x + y + 4(u2z + 642 - %YY - YW, (2) 
wherezBt~O,-t/2,(x~y~O,wisasdeJinedin(l)andgisinA”. 
Proof. Let f = tuii + Bug + i%v + zv0 be a positive definite 
Hermitian form over Q(- l)lj2 with B = x + iy. Without loss of generality 
we can suppose that t and z are the successive minima ofJ: Thus 
z <f(l, &l) = t f (B + B) + z = r f 2x + z 
implies ) x 1 < t/2. Similarly, 
z <<(I, ii) = t f 2~ + z 
yields j y j < t/2. 
If xy < 0 we apply the transformation u --+ ii& v --+ it7 to f to get 
tuii + Bu6 + Biiv + zv6. 
Thus we can assume xy > 0. If x and y are both positive, we apply the 
transformation u + -24, v -+ v to f to get 
tuu - BuO + BiZ + zv6. 
Thus we can assume x < 0 and y < 0. If y -C x, we apply the trans- 
formation: u + 5, v -+ i6 to f to get 
tu6 - iBiiv - (s) uV + z&. 
We now have z > t, -t/2 < x < y < 0. 
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Using the substitution u = u1 + u&, v = us + u,i we can write 
f = t&,2 + uz$) + .+h2 + u42) 
+ 2x(u,u, + u,u3 + 2y(up4 - u2u3). 
The transformation: u1 --f -up , u2 + u1 - ua , ua --f u2 - u4 , u4 -+ --113 
takes f into 
g = (Y - X)(U12 + uz2) + (x + Y + t)(U*2 + @l - %I21 
+ (x + Y + z)(%2 + (u2 - u4j2) - 2’M’. 
Since the coefficients y - x, x + y + t, x + y + z, and -y are non- 
negative, the lemma is proved. 
Since every reduced Hermitian form is of type 
g = PdU12 f ug2) + P2W + P3(u42 + (Ul - a21 + P4(h2 + (u2 - u4j2), 
(3) 
we determine min p(g), where g is of this type. 
THEOREM 3. The extreme positive definite binary Hermitian fomrs over 
Q( - 1)lj2 are equivalent to 
where 
f. = uii + BuC + &iv + vfi 
and 
B = --a + (3112 - 3) i/4 
p(fo) = 2(2)l/2 (1 + 3q94 31J2. 
Proof. Let R be the face of d” consisting of forms of type (3). u, c-) u2 , 
%f-)U4 3 and u1 --f u2 - u4 , u2 H ug , u4 ---t us - u1 are automorphisms 
of R. Therefore, if g is an extreme form in the interior of R these auto- 
morphisms must f?ix g. Hence, p1 = p3 = p4 and 
g = p1 (c ui2 + (u1 - u$ + (24 - u,J2) i PZM’. 
Using VoronoE’s table of vertices for forms in d’ it can be shown that 
go4 = 2(Plt- PSI2 QPl + P2> 
For all vertices v of II( g) and p(g) = g(v). Since p(g) = ,u(cg) for c > 0, 
we can suppose that 
det( g) = (3(p, + p2)” - pz212 = 1. 
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Letting 
we have 
A = PI + PZ and c = Pz 
with 
,u( g) = 4As - 2A2C 
3A2 - C2 = 1 and A >, C. 
(4) 
This function has a minimum of 2(2)l/” (1 + 31/2)/F 3112 = 0.652... at 
A,, = (4/27)l/” and C, = (2(31/2/3) - l)lj2. By (3) and (4), p(g) has its 
minimum when 
The choice of X0 = -A,, , Y,, = -C, , z, = to = 2A, makes g of 
type (2), hence, equivalent to 
where 
f = t,,u6 + B,uF + &iv + t,,vG, 
B, = -A, - C,i. 
Dividing f by 2A, we get& . 
4. EXTREME FORMS OVER Q(-3)l12 
LEMMA 3. Every positive definite binary Hermitian form over Q(-3)l12 
is equivalent to a form 
g = (x + y + #U12 + us2 + (Ul - uJ2 
+ (x + Y 4 zN22 + u42 + b2 - u4)? (5) 
+ (y - X)@l - u4Y + (u, - %I2 + (4 + % - *s - u412) - 2YW 
wherez>t>O,--t/2<x,<y<O,andgisinA”. 
Proof: Let f = tuii + Biiv + BuZ + zvi! be a positive definite 
Hermitian form over Q(-3)l/” with B = x + iy/31j2. As in Lemma 1, we 
assume that t and z are the successive minima offand hence 1 x j ,< t/2. 
If xy < 0 we apply the transformation u -+ 2, v -+ ti to get 
tuii + Bu6 + i&v + zvii. 
Thus we assume xy > 0. 
COVERING PROBLEM 241 
If x or y is positive, we apply the transformation u -+ -u, u -+ u to get 
tuii - Biiv - ik + zvij. 
Thus we can assume x < 0 and y < 0. 
If y ==z x we consider two cases: 
(i) 3x < y < x < 0. Apply the transformation u -+ EC, v + 5, 
where E = (1 + 31/2i)/2.fbecome~ 
tuii + BZ t B&v + zvt;. 
i.e., B is replaced by B, = BE 
Yl = 
3X-Y <O 
-1, 2 
since 3x < y, 
x+v x1=-< 
3x - y 
2 ~ = Yl , 2 since y < x. 
(ii) y < 3x. Apply the transformation u -+ EU, v + v, where E = 
(1 + 31/2i)/2.fbecomes 
tuE + BZiiv + h.G + zvfi, 
i.e., B is replaced by Bz = BZ 
x+u . B2 = x2 + iy2 = 2 + - (y - 3x1, 2(3)‘i2 
y =y-3x<o 
2 --y-l, since y < 3x, 
x2z-<y-3x x+y 
2 ___ = Y,, 2 since x f 0. 
In cases (i) and (ii), the new forms obtained still have t and z for their 
successive minima, therefore, z < f(l, + 1) implies x > -t/2. 
We now let u = u1 + u,(l + 31/21’)/2 and v = u8 + u4(1 + 31/2i)/2 so 
that 
f = t(U12 + u22 + w.42) + z(u22 + ul + w4) 
+ x(2%% + u2% + %u4 + 2u2u4) 
+ Y(UzU2 - w4). 
The transformation: u1 -+ -us , u2 -+ u1 , uQ -+ -u2 , u4 --t u4 takes 2f 
into g. The coefficients of g are nonnegative; therefore, g is in d”. 
64x/8/2-8 
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Since every reduced Hermitian form is of type 
g = PlW + us2 + (Ul - @) + pz(uz” + Q2 + (u2 - UP)‘) 
+ P&U1 - u*12 + (u, - a2 + (4 + u2 - u3 - uJ2) + p4w, (6) 
with pi > 0, we determine min p(g), where g is of this type. 
THEOREM 4. The extreme positive definite binary Hermitian forms over 
Q( - 3)112 are equivalent to 
where 
f. = uii + Bik + Buii + vfi, 
and 
B = -l/2 + (131/2 - 4)(i/2) 3112 
p(fo) = 2(13)1/* - 4 
9(3)1/Z ((5 + 2 (13)1’3 - (-7 + 2 (13)““)}. 
Proof. Let R be the face of A” consisting of forms of type (6). u1 f-, u2 , 
u, t) u, , and u1 3 u1 + u2 - u, - uq , u2 -j uz , ug + u2 - us , u, -+ u2 - uq 
are automorphisms of R. Therefore, if g is an extreme form in the interior 
of R, these automorphisms must fix g. Hence, p1 = p3 = p4 and 
g = p1 ( 1 ui2 + (Ul - &I2 + (u2 - &I2 
+ (Ul - u3” + (u2 - d2 + (Ul f u2 - u3 - u*J2) + p2w, 
computing g(v) for the vertices of the Voronol polyhedra for g we find 
g(V) = 2(3P? + pz” + 3p,p&3p, + P2) if V is Of type 1, 11, Iv 
= 2(2p, + pz>” otherwise. 
Thus 
tL(g) = max g(v) = 2(3~,2 + p22 + ~P,P~)(~P, + p2). 
We can let 
Wd = (3~~ + p2)2 (3~~ + 2~~)~ = 1. 
Letp,=-C+Aandp,=2CThen 
and 
p(g) = 2(3AP + C2)(3A - C) 
det(g) = (9A2 - C2)2 = 1. 
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Since 9A2 Z C2, C2 = 9A2 - I and 
p(g) = 2(12A2 - 1)(3A - (9A2 - l)““.) 
CL’ = 0 is equivalent to 
8A(3A - (9A2 - l)l@) + (12A2 - I)(1 - (3A/(9A2 - I)“‘)) = 0. 
Multiplying by (9A2 - 1)112, 
(36A2 - 1)(9A2 - l)lj2 = 108A3 - I lA, 
Or 
432A4 -40A2-1100. 
Hence p has a minimum of 
((2( 1 3)lj2 - 4)/9(3)li2} {(5 + 2 (13)112) - (-7 + 2 (13)‘/2)} = 0.625.... 
at 
and 
A, = ((5 + 2 (13)1’2)/108)1;2 
Co = ((-7 + 2 (13)‘~“)/12)‘~“. 
By (6), it has its minimum when 
g = (A,- cok42 + &- u312 + (4 - u4)2 + (Ul - u*)" 
+ (u2 - u2J2 t (u1+ u.2 - u3 - u4)2) + 2C,w. 
The choice of x0 = --A, , J+, = -C,, , and z0 = to = 2A, makes g of 
type (5) which is equivalent to: 
f = t,uu + B,iiu + B&U + z,u3 ) 
where 
B, = x0 + iyo/3112. 
Dividing f by 2A, we get f. . 
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